Abstract. In this paper, we shall prove several results concerning Ricci curvature of a Riemannian manifold (M, g) := (SU (2), g) with an arbitrary given left invariant metric g.
Introduction
One of the present authors ( [5] ) completely classified harmonic inner automorphisms of (SU (2) , g) with arbitrary given left invariant metric g onto (SU (2), g).
In general, for the Ricci tensor field Ric on a Riemannian manifold (M, g),
is said to be the Ricci curvature of (M, g) with respect to X ∈ T p M , (p ∈ M ). In this paper, we completely estimate the Ricci curvatures on (SU (2), g) with an arbitrary given left invariant Riemannian metric g (Theorem 2.3). And then, we obtain a necessary and sufficient condition for the Ricci curvature r(X) to be always positive (resp. negative), independently of the choice of nonzero vector X (Theorem 2.5). In general, the Levi-Civita connection for the metric g of a constant curvature space (M, g) is projectively flat, but the converse is not true. We get a necessary and sufficient condition for the Levi-Civita connection ∇ for g on (SU (2), g) with a left invariant Riemannian metric g to YONG-SOO PYO * , HYUN WOONG KIM, AND JOON-SIK PARK be projectively flat (Proposition 2.6). Using these results, we get the following (Theorem 2.8): On (SU (2), g) with a left invariant metric g, the following are equivalent; (a) The Levi-Civita connection for the metric g is projectively flat.
(b) (SU (2), g) is a space of constant curvature.
(c) The metric g is the bi-invariant metric which is induced by the Killing form on the simple Lie algebra su(2). (d) For an arbitrary given nonzero vector X ∈ T x SU (2) (x ∈ SU (2)), the Ricci curvature r(X) with respect to X is 1 4 . We would like to thank the referees for pointing out mistakes in the original manuscript.
Ricci curvatures of left invariant metrics on SU (2)
Let M denote the Lie group SU (2) and let su(2) be the Lie algebra of all left invariant vector fields on SU (2). The Killing form B of the simple Lie algebra su(2) satisfies
We define an inner product , 0 on su(2) by (2)). 
where a i (i = 1, 2, 3) are positive constant real numbers determined by the given left invariant Riemannian metric g on M .
We fix an orthonormal basis {X 1 , X 2 , X 3 } of su(2) with respect to g 0 with the property (2.2) in Lemma 2.1 and denote by g (a1,a2,a3) the left invariant Riemannian metric on M which is determined by positive real numbers a 1 , a 2 , a 3 in Lemma 2.1. Moreover, we normalize left invariant Riemannian metrics on M by putting a 3 = 1. We denote by g (a 1 ,a 2 ,1) , or simply by g (a 1 ,a 2 ) , the left invariant Riemannian metric which is determined by positive real numbers a 1 , a 2 , a 3 = 1.
In general, the Riemannian connection ∇ for the Riemannian metric g on a Riemannian manifold (M, g) is given by:
for X, Y, Z ∈ XM ), and the curvature tensor field R is:
For the orthonormal basis {X 1 , X 2 , X 3 } of su (2) with respect to , 0 = −B in Lemma 2.1, if we put
By virtue of (2.3) and (2.5), we get (2.6)
where c := √ 8a 1 a 2 . Furthermore, from (2.4) and (2.6), we obtain (2.7)
The Ricci tensor field Ric, of type (0,2), is defined by
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By help of (2.7) and (2.8), we obtain (2.9)
To simplify notation, we put Ric(Y i , Y j ) = R ij . Then, from (2.9) we get: a2) ), we have the following equations;
For the Ricci curvature tensor Ric of (0,2)-type in a Riemannian manifold (M, g) and a nonzero vector
is said to be the Ricci curvature of (M, g) with respect to v p . Now, we have from (2.9) and Lemma 2.2.
Theorem 2.3. Let X be an arbitrary nonzero vector field which is left invariant on SU (2). Then the Ricci curvatures r(X) is completely estimated as follows:
By help of (2.9), the scalar curvature S = g (a 1 ,a 2 ) ) is given by (2.10)
From (2.10), we get:
By virtue of (2.9) we obtain:
Theorem 2.5. For any nonzero tangent vector X of SU (2), the Ricci curvature r(X) on (SU (2), g (a 1 ,a 2 ) ) is always positive (resp. negative) if and only if
Moreover, for any given left invariant Riemannian metric g on SU (2), there exists a nonzero left invariant vector field Y such that r(Y ) = 0. Now, we introduce the notion of projectively flat connection in the tangent bundle T M of an n-dimensional manifold M . We say that two affine connections D andD are projectively equivalent if there exists a 1-form τ on M such that
And, we say that an affine connection D is projectively flat if D is projectively equivalent to a flat affine connection in a neighborhood of an arbitrary point of M .
Suppose that D is torsion free and the Ricci tensor Ric D is symmetric. We define the projective curvature tensor W p by From this point of view, we obtain: a 2 ) ) is projectively flat if and only if a 1 = a 2 = 1.
Proof. For the orthonormal frame {Y 1 , Y 2 , Y 3 } on (SU (2), g (a1,a2) ), from (2.12), we prove that
if and only if a 1 = a 2 = 1 for any i, j, k = 1, 2, 3. Suppose that the connection ∇ is projectively flat. Then, for indices (i, j, k) which appear in (2.13), we get the following from (2.7), (2.9) and W p = 0 in (2.12); * , HYUN WOONG KIM, AND JOON-SIK PARK (a) (a 2 −a 1 +1)(a 2 −1) = 0 in the cases (i, j, k) = (1, 2, 1), (1, 3, 1) , (2, 1, 1) and (3, 1, 1), (b) (a 1 −a 2 +1)(a 1 −1) = 0 in the cases (i, j, k) = (2, 1, 2), (2, 3, 2), (1, 2, 2) and (3, 2, 2), (c) (a 1 +a 2 −1)(a 1 −a 2 ) = 0 in the cases (i, j, k) = (3, 1, 3), (3, 2, 3) , (1, 3, 3) and (2, 3, 3) . Furthermore, from the properties of curvature tensor field, (2.7) and (2.9), we get
except for the above 3-cases. From these facts, we obtain the fact that a 1 = a 2 = 1.
Conversely, suppose that a 1 = a 2 = 1 in (SU (2), g (a1,a2) ). Then, by virtue of (2.7), (2.9) and (2.12), we get W p = 0 on M . So, the Levi-Civita connection ∇ in (SU (2), g (1, 1) ) is projectively flat.
Thus, the proof of this proposition is completed.
From (2.9), we obtain: From the above remark, (2.9) and Proposition 2.6, we obtain: Theorem 2.8. On (SU (2), g (a 1 ,a 2 ) ), the following statements are equivalent; 
